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Though quantum algorithm acts as an important role in quantum computation science, not only
for providing a great vision for solving classically unsolvable problems, but also due to the fact that
it gives a potential way of understanding quantum physics, the origin of the power of quantum
algorithm is still an open question. Non-classical correlation is regarded as the most possible answer
for the open question. However we experimentally realize a quantum speed-up algorithm on four-
level system with linear optical elements and prove that even a single qudit is enough for designing
an oracle-based algorithm which can solve a model problem twice faster than any classical algorithm.
The algorithm can be generalized to higher dimensional qudits with the same two to one speed-up
ratio.
PACS numbers: 42.50.Ex, 03.67.Lx, 03.67.Ac, 03.65.Ud
Introduction: - Harnessing the miraculous features of
quantum physics, quantum computation based on well-
designed quantum algorithms shows great advantages
over their classical counterparts. Due to the magic power
of quantum algorithms, e.g. Shor’s algorithm to factor
large numbers [1, 2], quantum simulation algorithm [3–
7], a fascinating algorithm which is realized recently to
solve Simon’s problem [8–11], and the more recent algo-
rithm used to solve linear equations [12–14], quantum al-
gorithms have drawn much attention of researchers. De-
velopment of quantum algorithms has also proposed an
unsolved open question: what actually is the resource
that acts as the intrinsic origin of the vigoroso power
of quantum algorithms [15–17]. For decades, there are
many possible answers for the question: supposition, en-
tanglement, quantum discord, and contextuality [17, 18].
Specific algorithms which make use of specific properties
are promising for revealing the relation between these
properties and quantum speed-up.
Recently, Gedik [19] proposed an interesting and sim-
ple quantum algorithm which gives an intuitive compu-
tational speed-up without requirements of any kind of
quantum correlations. The designed algorithm intends to
determine the parity of a given permutation function of a
set by performing the permutation operation only once,
which shows a two-to-one speed-up ratio over the cor-
responding classical algorithm. The algorithm has been
reported to be realized in nuclear magnetic resonance sys-
tem [20, 21]. In this paper, we report an experimental
demonstration of the algorithm for four-dimensional set
with linear optical system. The algorithm can be general-
ized to higher dimensional cases with the same speed-up
ratio.
Gedik’s algorithm: - Gedik’s algorithm solves a black-
box problem as follows: considering a set S={0,1,...,d-1}
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with d elements (a d-dimensional set), the black-box is
one of the permutations defined on the set, which maps
these d inputs into d possible outputs. The permutation
function can be summarized as functions of the elements,
f±m(x) = (m± x)mod(d), (1)
where x ∈ S, m = 0, 1, ..d− 1, and mod(d) denotes that
(m±x) is taken modulo d. For a given permutation, there
is a global property named parity. The parity is positive
(or negative) if the permutation function has the form
f+m(x) (or f
−
m(x)). The task is to determine the parity of
a permutation, which is a global property of the black-
box. Classically, one needs to evaluate the permutation
function at least twice for different inputs to get the par-
ity. Whereas with Gedik’s algorithm, we show below that
performing the function only once is enough.
In order to solve the problem with a quantum algo-
rithm, the elements of a d-dimensional set correspond
to a complete orthogonal basis states {|0〉,...,|d− 1〉}
of a d-dimensional Hilbert space, where |j〉 =
{δ(0,j), δ(1,j), ..., δ(d−1,j)}T . The quantum algorithm con-
tains the following three subroutines (see Fig. 1 (a) for
4-dimensional case): (i) quantum Fourier transform UFT ,
(ii) permutation operation Uf±
m
, (iii) inverse quantum
Fourier transform U †FT .
The initial state of the quantum algorithm is initialized
to be |ψ〉0 = |1〉. Step (i) is to apply quantum Fourier
transform [22] on it, which results in
|ψ〉1 =
1√
d
k=0∑
d−1
e2piik/d |k〉. (2)
The permutation operation
Uf±m =
d−1∑
j=0
∣∣(m± j)mod(d)
〉 〈j|
is a quantum operator to realize the permutation of Eq.
(1). In step (ii), we apply Uf±
m
to the resulting state of
2FTU
†
FTU
mf
U
±
1
2
X
X
X
X
1
2
( )a
( )b
0f
U
+
1f
U
+
2f
U
+
1f
U
-
3f
U
+
2f
U
-
0f
U
-
3f
U
-
X
X
X
X
FIG. 1: The circuit model of Gedik’s algorithm: - The upper
line denotes the first qubit, and the lower one for second.
(a) The global circuit of the algorithm for d=4 case. The
squares represent three modules of the algorithm (see main
text for details). (b) Circuit for the permutation function of
a qudit state. It is easy to see that all the operations can be
constructed by CNOT and X gates. The circuit for U
f
+
3
is
not the simplest choice, but we design it to avoid introducing
any extra single-qubit gate in front of CNOT gate, which
will cause the photons into the CNOT module to be time
distinguishable.
step (i), and get the permutated state
|ψ〉2 =
1√
d
k=0∑
d−1
e2piik/d
∣∣(m± k)mod(d)
〉
.
The final step is to apply inverse quantum Fourier
transform on the system, which is a process to result in
the parity of the permutation. Simple calculation shows
the final state is dependent on the parity of the permuta-
tion. That is, if the parity of the permutation is positive
(say the permutation with the form Uf+m), the algorithm
ends up with
|ψ〉+3 = e−2piim/d |1〉 ,
otherwise, the negative permutation Uf−m makes the al-
gorithm concluding with
|ψ〉−3 = e−2pii(d−1)m/d |d− 1〉 .
Thus, the final state is quite dependent on the par-
ity of the permutation, and the two different outcomes
corresponding to two kinds of permutations are orthog-
onal. Thus performing a projective measurement of the
final state is able to determine the parity of the permu-
tation. The parity is positive (or negative) if the out-
come of measurement is |1〉 (or |d− 1〉). It is obvious to
see that one can successfully determine the parity of a
given permutation by applying the permutation opera-
tion only once. This shows a speed-up over the classical
algorithm, in which to evaluate the permutation func-
tion for two different inputs is necessary. Moreover, the
outcome is deterministic, and different outcomes are or-
thogonal. Thus the projective measurement ensures the
probability of successfully getting the parity is unit for
ideal quantum circuit.
Experimental realization: - In this paper, we demon-
strate a proof-of-principle experiment of the algorithm for
d = 4 case with linear optical quantum circuit. The four
orthogonal states |j〉 of qudit are represented by binary
representation of two-qubit state, i.e., |0〉 := |0〉 ⊗ |0〉,
|1〉 := |0〉 ⊗ |1〉, |2〉 := |1〉 ⊗ |0〉, |3〉 := |1〉 ⊗ |1〉, where ⊗
denotes tenser product. The first step of the algorithm
is to apply quantum Fourier transform to the state |01〉,
which yields
(|0〉 − |1〉)(|0〉+ i |1〉)/2, (3)
according to Eq. (2). It shows that this process maps a
product state |01〉 to another product state in Eq. (3).
Thus we integrate the quantum Fourier transform into
the state preparation module, instead of constructing
the original form of quantum Fourier transform circuit,
which contains controlled two-qubit gate [22]. In other
words, we prepare the state in Eq. (3) directly instead of
preparing |11〉 followed by a quantum Fourier transform.
The module of performing permutation operations can
be constructed by controlled-NOT (CNOT) gate and bit
flipping (X) gates (see Fig. 1(b)). Finally, the inverse
Fourier transform module is realized in a widely-used
semiclassical way [13, 23]. Instead of fabricating an in-
verse quantum Fourier transform circuit with two-qubit
controlled gate [22], this semiclassical method requires
only single-qubit gates performed together with the feed-
back of classical signals.
In this experiment, the logic qubits |0〉 and |1〉 are en-
coded in the horizontal (|H〉) and vertical (|V 〉) polariza-
tion states of single photons, respectively. Thus the two-
photon polarization states form four orthogonal bases.
To implement the quantum circuit shown in Fig. 1, we
prepare pairs of separated single photons via pumping a
0.5 mm-thick nonlinear-β-barium-borate crystal with a
400.8 nm CW diode laser with 80 mW of power through
type-I spontaneous parametric down-conversion. The ex-
perimental challenge mainly lies in the CNOT gate for
some permutation operations (see Fig. 1 (b)).
In the state preparation module, which has integrated
the quantum Fourier transform, a polarization beam
splitter (PBS) and wave plates (WPs) are used to ini-
tialize the two-photon state to be Eq. (3) (see Fig. 2 for
details of experimental setup). The permutation mod-
ules are constructed by the circuits shown in Fig. 1 (b).
Following the idea of O’Brein et al. [24], the CNOT
gate is constructed in an inherently stable architecture
by two beam displacers (BDs) and three half wave plates
(HWPs) (we prefer to name the architecture formed by
those elements “CNOT submodule”). The X gate on sin-
gle qubit is implemented via removable HWPs (HWP4
and HWP5, where HWPi is the HWP with i marked
3FIG. 2: Experimental setup: - The pairs of photons are created via pumping a 0.5 mm-thick nonlinear-β-barium-borate crystal
with a 400.8 nm CW diode laser with 80 mW of power through type-I spontaneous parametric down-conversion, collected by
single mode fibers (not shown). There is also a tunable module (not shown) in front of the optical circuit, which is used to tune
the time difference between two photons of one pair. The photons are tuned to be time indistinguishable and then incident
into the optical computation circuit via the two fiber collimators (FCs) on the left. The numbers mark the HWP near it for
convenient in expression. There are three modules in the setup. (1) State preparation: HWPs and QWPs in front of the first
PBS are used to prepare pairs of photons in the state |HV 〉, so that the first photon can be reflected by the PBS, while the
second photon is transmitted. Thus pairs of photons propagate parallelly. Two HWPs and a QWP behind the first PBS are for
preparing the state of Eq. (3). (2) Permutation operation: the CNOT submodule contains two BDs and three HWPs (HWP1,
HWP2 and HWP3). HWP1 and HWP3 are fixed at 22.5
◦ and -22.5◦, respectively. When HWP2 turns to be 17.5
◦, the CNOT
submodule is a CNOT gate with the second qubit the control qubit and the first qubit the target qubit. Whereas, tuning
the HWP2 to be 45
◦ makes the CNOT submodule operation as X gates on each qubit. HWP4 and HWP5 are removable and
fixed at 45◦. By moving one of the HWPs one can perform an X gate on the qubit. Tuning the angle of HWP2 and moving
the HWP4 and HWP5 give the eight permutation operations. (3) Measurement: WPs are used to apply semiclassical inverse
quantum Fourier transform. The photons are projected into polarization basis via PBS and collected into single mode fibers.
The photons are detected by APDs. The result is obtained after a logic coincident count, with coincidence window set at about
1.9 ns.
in Fig. 2) set at 45◦. In order to keep the stability of
the optical circuit, we do not remove the CNOT sub-
module when CNOT is not needed for the permutation
operations. Instead, we adopt a more stable and effi-
cient method. We turn the angle of HWP2 from 17.5
◦
for the CNOT gate to 45◦ for two X gates on both pho-
tons. Thus all the eight permutations can be achieved
via tuning the angle of HWP2, and moving HWP4 and
HWP5 (see Table. I).
Before running the algorithm, we characterize the
property of the optical quantum circuit. Firstly, the two
BDs form a Mach-Zehnder interferometer with a high
visibility 99.691 ± 0.004%, resulting from single photon
counting. Secondly we prepare the photons input the
first BD in |HV 〉 state, and tune the angle of the HWP2
to be 22.5◦. In the two output mode, we observe a
Hong-Ou-Mandel (HOM) interference of the two photons
[25]. With adjusting the optical path of the first photon,
the visibility of HOM interference is 92.459 ± 0.372%.
Permutation operation HWP2 HWP4 HWP5
U
f
+
0
45◦ 45◦ 45◦
U
f
+
1
17.5◦ \ 45◦
U
f
+
2
45◦ \ 45◦
U
f
+
3
17.5◦ 45◦ 45◦
U
f
−
0
17.5◦ \ \
U
f
−
1
45◦ 45◦ \
U
f
−
2
17.5◦ 45◦ \
U
f
−
3
45◦ \ \
TABLE I: Angles of HWPs to realize different permutation
operations, where “\” denotes that the HWP is removed from
the optical circuit.
At last, we prepare the state of pair of photons to be
(|H〉 + |V 〉) |V 〉 /√2 followed by a CNOT gate. In this
case, the ideal output is a maximally entangled state
4FIG. 3: Experimental results: - Eight different permutations for four-dimensional set are chosen: U
f
±
m
, where m = 0, 1, 2, 3.
The quantum algorithm is to determine the parity of the permutations. HH , HV , V H , and V V denote projection basis of the
pair of photons. The outcome HV means the parity of the permutation is positive, while the V H tells the parity is negative
(see main text for details). For eight possible permutations, the algorithm succeeds with the probability 93.023 ± 2.015% in
average. The error bars denote the standard deviation calculated by the results of twenty times measurements.
(|HV 〉 + |VH〉)/√2. Quantum state tomograph [26] is
used to determine the output of the CNOT gate, af-
ter which we obtain an entangled state with fidelity [27]
89.180± 2.987% compared to the ideal state.
We have realized the algorithm for all the eight possible
permutations of four-dimensional set. The permutation
operations are realized via tuning the HWP between the
two BDs and two removable HWPs on the output modes.
The outputs are injected into PBSs to be measured in
the computational basis, and collected into single mode
fibers. The photons are detected by avalanche photo-
diodes (APDs) to give coincident counters.
We characterize the outputs by measuring the proba-
bilities of each computational basis for each permutation.
The ideal (gray bars) and measured (red bars) probabil-
ities of all the permutations are shown in Fig. 3. The
algorithm performed on the optical quantum circuit gives
a probability of success 93.023± 2.015% in average.
Conclusion and discussion: - The original power of
quantum computation is regarded as quantum correla-
tions. However, our experiment proves that even a sin-
gle pure qudit is sufficient to design an oracle-based al-
gorithm which solves a black-box problem and demon-
strates quantum speed-up over any classical approach
to the same problem. We experimentally realized a
quantum speed-up algorithm to determine the parity
of permutation functions of four-dimensional set. This
algorithm to determine the parity of a given permu-
tation requires to call the permutation operation only
once. Compared to evaluating the permutation func-
tion twice for classical algorithm, the quantum algorithm
shows an intuitive speed-up. The optical quantum cir-
cuit performs quite well to give the successful probabil-
ity 93.023± 2.015% in average. The experimental results
are demonstrating the successful performance of the al-
gorithm. The experiment has been performed in a pho-
tonic system, which, due to the strong potential of using
photonics for advanced quantum information processing,
makes our scheme ideal for probing of the boundary be-
tween classical and quantum efficiency in computing al-
gorithms.
This algorithm for a single qudit to determine the par-
ity of the permutation with only one evaluation of the
function instead of two is so far the simplest quantum
algorithm showing quantum speed-up. The initial mo-
tivation of realizing this algorithm is to show the role
of contextuality in quantum speed-up. In our experi-
ment, it appears that the speed-up mainly comes from
the quantum parallelism, which is due to the supposition
principle of quantum mechanics, together with another
property of quantum mechanics called interference. Be-
sides, the algorithm is deterministic and needs only one
call, which makes it quite similar to Deutsch algorithm
[22, 28]. Our experiment demonstrates the computing
power of a single qudit by using only a simple toy al-
gorithm. Deep analysis of this algorithm is not trivial,
since it gives the possibility of understanding the relation
between quantum supposition and contextulity, and this
may also help to understand the relation between suppo-
sition and other candidates for the origin of the power of
5quantum computing, such as quantum correlations.
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